Light-front time picture of few-body systems 
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The projection of the four-dimensional two-body Bethe-Salpeter equation at the light-front hyper- 
surface is discussed. Elimination of the relative time is performed using a quasi-potential expansion, 
which is shown to be equivalent to an infinite set of coupled equations for the Green's functions of 
' the different light-front Fock-states. 
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I. INTRODUCTION 



The field theoretical Bethe-Salpeter equation (BSE) in the ladder approximation can be used as starting point to 
model bound-states of relativistic few-body systems. The light-front time dynamics [1] leads to the representation of 
■ the two-body BSE in which an effective mass squared operator arises and has as an eigenfunction the lowest Pock- 
et , state component (valence) of the wave-function [2,3]. The BSE is equivalent to an infinite set of coupled equations 
for Green's functions with different number of particles, which also allows a consistent truncation of the light-front 
Fock-space. This set of coupled equations comes from a quasi-potential expansion of the BSE on the light- front [2-4]. 
The relative light-front time between the particles is eliminated in favor of a global time. 
\ The two-body bound-state light-front equation with the lowest order kernel [5] (truncation of the virtual interme- 
• diate states up to three-particles) was applied to study bosonic [6] and fermionic [7,8] systems. Nowadays, there is a 
0^ ' renewed interest in studying the structure of few-body bound-states at the light-front time x'^ — t -\- z = 0, due to 
. the possibility of probing hadrons and few-nucleon systems at short distances [9] . 

' We perform the quasi-potential reduction of two-body BSE's and present the coupled set of equations for the 
light-front Green's functions for bosonic and fermionic models, with the interaction Lagrangian respectively given by, 
Cf = gs(j)\4>ia -\- gs4>\4>20' and £f = gs^'^'cr, where (/>i, 02 and a are the bosonic fields and ^ is the fermion field in 
the Yukawa model. 



C ■ 11. GLOBAL X+-TIME AND QUASI-POTENTIAL REDUCTION 



The starting point is the BSE in relativistic field theory for the two-body transition matrix, T{K), with total 
four-momentum K and two-body irreducible interaction V{K): 

T{K) = V{K) + V{K)Go{K)T{K) . (1) 

Here, we neglect self-energy terms in the disconnected Green's function. 

We begin by discussing the elimination of the relative a;+-time in (1) for a two-boson system [2]. The free Green's 
function expressed in terms of light-front kinematical momenta, e.g., ki — {k^ :— — kf , k^ :— k^ -{- kf , ki±), is: 

{k[-\GoiK) \kT) = J^^^-^ ^ , (2) 

k+{K+ - k+) fcf - i^- - fcf - '^-+™^— \ 
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where operators are denoted by a "hat" and fc^^^ = (fc^^ + m )/k'l [i = 1,2). The kinematical momentum states. 



k^h^^J = e ^^IK'-^i ki±.Xij_)^ eigenfunctions of the free energy operator fcjo„. The completeness relation 

and the normalization are / '^'f^£y,' \k+ks_){k+ki_ | = 1 and (k'+k'^\k+kA_) = 2{2TrfS{k'+ ~ k+)5{k'^ - fcj_). 
The integrations over k^ and fc^~ eliminate the relative time: 
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goiK) = \Go{K)\ := J dk'fdk^ {k[-\Go{K) \k^) = ifl-' g^^\K)fl-' , (3) 
and the Fourier transform in gives the free propagator in the .x+-tinie. Here, > is used without any loss of 



generahty. The phase space operator is := y k^{K+ — k^). The vertical bar | on the left of the Green's function 

represents integration on k^ in the bra-state, the bar on the right in the ket-state. The free two-body light-front 
Green's function is a particular case of the light-front Green's function for N particles: 



N 

l[e(k+)9{K+ -k+) 



(i^--i?r-+^o)-\ (4) 



where K^^^ = X^^i k^ is the free light-front Hamiltonian. 

For fermions, the Dirac propagator is written as {^ — m + io)~^ = {jt^^ + m)/ (A;^ — rn? + io) + 7+/ (2fc+), to separate 
the last term which is instantaneous in the x+-time. Therefore, the free two-fermion propagator can be written as: 

G^(i^)-(|^i+mi)(|^2+m2)Go(i^) = AG^(i^)+<(X) , (5) 

where AG^ {K) contains the instantaneous terms and the global light-front time propagator of the two fermion system 
p 

is Gq (if) = -|- m) {^2on + ^o{K). Here, we only define the basis states of spinorial functions in the positive 

energy sector as {x~x± k'^k± = e~^^^''^^ ~^^'^-^^u{k,s). The states form a complete basis for positive energy 
spinor functions, 



^ r dk+dP 



dk+<fikx_ 
T 



k-h s) {k-k,s\ / = 1 , uik, s) = ^^t^7 V ( ^0 ) 



(6) 



where Xs is the two-component Pauli spinor and u{k,s) is the light-front spinor [8]. We point out that one could 
equally well study particle-antiparticle systems or others. 

Our aim here is to discuss the integral equation for the interacting light-front two-body propagator, g{K), which is 
derived from 

G{K) = Go{K) +Go{K)T{K)Gq{K), (7) 

with g{K) = \G{K)\. For a two-boson system Gq {K) = Go{K). We use the quasi-potential reduction of Ref. [10] to 
perform the projection to x+ = 0. For that purpose an auxiliary Green's function Go (if) is introduced as 

Go{K) := Go{K)\go\K)\Go{K) , (8) 

which allows one to separate the light-front two-particle propagation in the intermediate states [2,3]. In our discussion, 
the operator gQ^{K) for a two-fermion system is defined in the subspace of positive energy spinors. 
The transition matrix is the solution of 

T{K) = W{K) + WiK)Go{K)T{K), (9) 
W(K) = V{K) + V{K)[Go{K) - Go{K)]W{K), (10) 

according to Ref. [10] . The auxiliary three-dimensional transition matrix 

t{K) = go{K)-^\Go{K)T{K)Go{K)\go{K)-' , (11) 

gives the scattering amplitude for two-particles, which is identical to the one obtained directly from T (see discussion 
in [2,3] ). The auxiliary transition matrix satisfies 

t{K) = w{K) + w{K)go{K)t{K), w{K) = go{K)-^\Go{K)W{K)Go{K)\go{K)-' ; (12) 

which can be derived using Eqs. (9) and (11). 
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III. HIERARCHY EQUATIONS FOR LP GREEN'S FUNCTIONS 



The two-body light-front propagator satisfies g'-^'>{K) = g\^\K)+g'^^\K)v{K)g^'^\K) where g^'^\K) = -ing{K)h, 
v{K) = iQ~^w{K)i}~^ , which is derived from Eqs. (7) and (12). The poles of g'^'^\K) are at the positions of the 
bound states, and from its residue one can obtain the lowest Fock component of the wave function. In addition, the 
light-front description fully retrieves the covariant one [2] . 

The first order contribution to ^{K) obtained from Eqs. (10) and (12) is 



i/(2)(X) ^ J p.9o(i^)] \Go{K)V{K)G^{K)\ [go{K)n 
The second order term in the quasi-potential expansion given by 



(13) 



ngo{K) 



\Go{K)V{K)Go{K)V{K)Go{K)\ [go{K)n 
\Go{K)V{K)Go{K)V{K)Go{K)\ \go{K)fi 



(14) 



is two-body irreducible, due to the subtraction of the second term in the r.h.s. of Eq. (14). 

We restrict our discussion to the ladder approximation of the BSE. Below, wc explicit the content of the operator 
the light-front Fock-space. For the chosen bosonic Lagrangian model, the interaction operator acting between 
Fock-states differing by one quantum a, has matrix element given by 

9s 



(qk^k) = -2{2Try6{q + K - k) 



^/q+k+k+ 



0{K) , 



(15) 



where the delta function expresses the kinematical momentum conservation. The effective interaction y{K) up to 
second order in is: 



Ki^) « i^^'Hk) + i^^'^iK) = vg\;'>{K)v + vg)^'>{KW^>{K)vg\;'>{K) 



A3) 



(3)/ 



(16) 



where, from Eq.(13) 



/2) 



is vgQ^\K)v. The contribution of four-body intermediate states to the three-body propa- 



gation arises from Eq.(14). In fact, ^{K) is equal to vg^^\K)v, which is found when the expansion is performed to 
all orders. From Eq.(16), one sees that (jf^^) jg coupled to the four-body Green's function, which should be coupled to 
the five-body one, and so on. By generalization, one can construct a hierarchy of coupled equations for the Green's 
functions: 



g^^HK) ^ g'i\K) + g'i\KW^\KW^\K) , . . . 
gi^)(^K) = gf\K)+gf\KW^+'\KW^\K) 



(17) 



In the Yukawa model for fermions, the interaction operator acting between Fock-states differing by zero, one and 
two (t's, has matrix elements given by 



{{q, s')kM{k, s)) = -2m{2Trf6{q + k„-k) 



gs 



Vq+k+k+ 



e{kt)u{q,s')u{k,s) 



{{q, s')k'M{k, s)k„) = -2{2nfS{q + k',-k- k„)6. 



((q, s')k',k,\v\{k, s)) = -2(27r)3<5(g + k', + k, - k)6s 



.91 



eik'+)eik+) 



'WWk^ k+ + k+ 
g% 9{k'+)9{kt) 
k+-k+ 



(18) 
(19) 
(20) 



The instantaneous terms in the two-fcrmion propagator give origin to Eqs. (19) and (20). The expansion of p{K) 
has terms that couple sectors of the Fock-space that differ at most by two sigma's [3]. Therefore, the coupled set of 
Green's function found for bosons has to be extended for the Yukawa model as: 



g(^\K)=g^;^\K)+g^;^\K)v[g^^'>l 
+ g^^^\KW^\K)\ vg^^HK) , . 
,W(i^)=5r(i^) + 5r(i^> 



{K)+g^^\K)+g^-'>iK)vg'''>iK) 



(3), 



AN+l) 



{K) + 5(^+2) (i^) + g^''+^\K)vg^''+^\K) 



+ g(''+^\K)vg^''+^\K)\ vg^^'^K) 



(21) 
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The quasi-potential expansion differs from the truncation in the light-front Fock space. Taking the two-boson 
system as an example and restricting the intermediate state propagation up to four-particles, we find that g^'^\K) = 
g'i\K) + g'^^\K)vg^^\K)vg^'^\K) and g^^\K) = g^^\K) + gl^^\K)vgl^'^\K)vg^^\Ky, which goes beyond the quasi- 
potential expansion in second order, where, instead of g^^^{K), one has gl^\K) (c.f. Eq.(16)). 



IV. SUMMARY 



The set of coupled equations, (17) and (21), contains all two-body irreducible diagrams with the exception of those 
including closed loops in <l>i and $2 or in ^! and as well part of the cross-ladder diagrams. The light-front Fock 
states contains two bosons $1 and $2 or two fermions with any number of bosons a. This excludes the complete 
representation of the crossed ladder diagrams. The hierarchy set of equations also resembles the iterated resolvent 
method [8]. The covariant ladder restricts the kernel of the hierarchy equations, i.e., crossed terms and self energies 
are not included in Eqs. (17) and (21). This set of equations can also be useful in the study of renormalization in the 
light-front, as has been discussed for fermions in the context of the quasi-potential expansion [3]. 

In summary, we have presented the general framework for constructing the light-front two-body Green's function 
using a quasi-potential reduction of the Bcthe-Salpetcr equation. We have found a coupled set of equations which gives 
the two-body propagator in several cases, including the covariant ladder approximation. Finally, we have discussed 
within our scheme the truncation of the light-front Fock-space. Renormalization and local gauge invariance in this 
framework is a challenge open for future work. 

We thank the Brazilian agencies FAPESP and CNPq for partial support. 
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